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TOM BRIDGELAND 

Abstract. We use Joyce's theory of motivic Hall algebras to prove that reduced 
Donaldson-Thomas curve-counting invariants on Calabi-Yau threefolds coincide 
with stable pair invariants, and that the generating functions for these invariants 
are Laurent expansions of rational functions. 

o 

^ ■ 1. Introduction 

In this paper we use Joyce's theory of motivic Hall algebras to prove some ba- 
. sic properties of Donaldson-Thomas (DT) curve-counting invariants on Calabi-Yau 

threefolds. We prove that the reduced DT invariants coincide with the stable pair 
invariants introduced by Pandharipande and Thomas, and that the generating func- 
■ tions for these invariants are Laurent expansions of rational functions. Similar re- 

sults have been obtained by Toda; we discuss the relationship with his work below. 

The Hall algebra approach to DT invariants relies on a fundamental result of 
Behrend. Recall [1] that Behrend associates to any scheme S of finite type over C 
a constructible function 

v s : S -)• Z 



with the property that if S is a proper moduli scheme with a symmetric obstruction 



■ theory, then the associated Donaldson-Thomas virtual count 

<N 
O 
O 



#vir(S) := / 1 



coincides with the weighted Euler characteristic 



■ x(S>s) := ^nx(zAjV))- 



This means that the virtual count can be computed by motivic techniques involving 
decomposing S into a disjoint union of locally-closed subschemes. 

Suppose that M is a smooth projective Calabi-Yau threefold over C. We include 
in this assumption the condition that 

H\M,O M ) = 0. 

Let iVi (M) denote the abelian group of curves in M up to numerical equivalence. 
It is a free abelian group of finite rank. Set 

N^{M) = JVi(M) ©Z. 
l 
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A coherent sheaf E on M supported in dimension 1 has a Chern character 

ch(E) = (ch 2 (£),ch 3 (£)) = 08, n) G N^(M). 

Given a class (/3,n) G iV^i(M) there is an open and closed subset of the Hilbert 
scheme 

Hilb M (/3,n) cHilb M 
parameterizing epimorphisms of coherent sheaves 

/: O m ^E 

with E of Chern character (/?, n). The corresponding DT curve-counting invariant 
is 

DT(An) = # vb (Hilb M (An)) G Z. 

For a fixed curve class /? G Nx(M) the scheme HilbM(/8,n) is known to be empty 
for n < 0, so the generating function 



DT /3 (g) = ^DT(/3,n)( Z " 



is a Laurent series. 

In the case /3 = the scheme HilbM(/8> n ) parameterises zero-dimensional sub- 
schemes of M of length n, and the corresponding generating function DTo((?) is 
known [2j [18l LT9] . It is the Taylor expansion of the function 

M(-q)X( M \ 

where x(M) is the topological Euler characteristic of M, and the MacMahon func- 
tion 



is the generating function for three-dimensional partitions. Following |20] one de- 
fines the reduced DT generating function to be the quotient 

DT'p(q)=DT (q)/DT o (q). 

It is a Laurent series with integral coefficients. 

Pandharipande and Thomas [22j introduced new curve-counting invariants by 
considering stable pairs. These are maps of coherent sheaves 

such that E is supported in dimension one, and such that 

(a) E has no zero-dimensional subsheaves, 

(b) the cokernel of / is zero-dimensional. 
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In fact, as we prove in Lemma 12.31 below, such maps can be though of as epimor- 
phisms in the heart of a certain perverse t-structure on the derived category of 
M. 

It was proved in [22J that there is a fine moduli scheme parameterizing stable 
pairs, which we will denote Hilb^. For each class (/?, n) G N^\(M) there is an open 
and closed subscheme 

Hm4(/3,n) Cffilb^ 

parameterising stable pairs with E of Chern character (/3, n). The corresponding 
PT invariant is 

PT(/3,n) = # vir (Hffl4(/3,n)) eZ. 
Once again, for fixed j3 G N\{M) the generating function 

is a Laurent series. Note that in the case /3 = we have PTo = 1. 
Our main result is as follows. 

Theorem 1.1. Let M be a smooth projective Calabi-Yau threefold. Then for each 
class G iVi(M) 

(a) there is an equality of Laurent series 

DT^(g) = PTp(q). 

(b) the series DTo(g) is the Laurent expansion of a rational function in q, in- 
variant under the transformation q o q . 

The first part of Theorem 11.11 (the DT/PT correspondence) was conjectured by 
Pandharipande and Thomas [22, Conj. 3.3]. The second part was conjectured 
earlier by Maulik, Nekrasov, Okounkov and Pandharipande \20\ Conj. 2] and is a 
crucial ingredient in the conjectural DT/GW correspondence [201 Conj. 3]. 

There is another version of Theorem 11.11 involving unweighted Euler characteristic 
invariants defined without a Behrend function. This was first proved by Toda 
|26l I27j . Our argument gives a second proof of this result. Stoppa and Thomas 
|24] have given yet another proof of the DT/PT correspondence for unweighted 
invariants which even extends to the non- Calabi-Yau case. 

The approach to Theorem 11.11 we present here owes a lot to Toda's work |26| . 
and we have used ideas from his paper in several places. In fact Toda's argument 
could be modified to give a proof of Theorem 11.11 if one could establish a certain 
identity involving Behrend weights for objects of the derived category of M. The 
corresponding identity for coherent sheaves was established by Joyce and Song [15] 
and plays a crucial role in this paper. 
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The main difference between our approach and that of |26j is that Toda views the 
scheme Hilb-M(/3, n) as parameterizing stable rank 1 ideal sheaves on M, whereas 
we consider it as parameterizing sheaves supported in dimension ^ 1 together with 
the framing data of an epimorphism from Om- 
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Notation By a stack we mean an algebraic (Artin) stack. All schemes and stacks 
will be locally of finite type over C. Throughout M will be a smooth complex 
projective threefold with trivial canonical bundle and satisfying H 1 (M,Om) = 0. 
We write A = Coh(M) for the abelian category of coherent sheaves on M, and 
denote by M. the moduli stack of objects of A. We frequently use the same letter 
for an open substack of A4 and the corresponding full subcategory of A. One other 
minor abuse of notation: if /: T — > S is a morphism of schemes, and E is a sheaf 
on S x M, we use the shorthand f*(E) for the pullback to T x M, rather than the 
more correct (/ x idju )*(E). 

2. Preliminaries 
We begin by assembling some basic facts that will be needed later. 

2.1. Curve classes. We denote by Aq(M) the abelian group of cycles of dimension 
1 on M modulo numerical equivalence. It is a free abelian group of finite rank [61 
Ex. 19.1.4]. An element (3 £ N\(M) is effective, written (3 0, if it is zero or the 
class of a curve. 

Lemma 2.1. An element (3 £ N\(M) has only finitely many decompositions of the 
form f3 = Pi + fa with ^ 0. 

Proof. This follows immediately from [16, Cor. 1.19]. □ 

We denote by N(M) the numerical Grothendieck group of M. It is the quotient of 
the Grothendieck group K(M) by the kernel of the Euler form. There is a subgroup 

iV a (M) C N{M) 

generated by classes of sheaves supported in dimension at most 1. 
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Lemma 2.2. The Chern character induces an isomorphism 

ch = (ch 2 , ch 3 ) : iV^i(M) — ► Ni(M) Z. 

Proof. The Chern character defines a map to the Chow ring 

ch: K(M) -> A*(M)®Q. 

Let K^i(M) C K(M) be the subgroup spanned by classes of sheaves supported in 
dimension at most 1. The Chern character of such a sheaf is equal to its Chern class 
for dimension reasons, and in particular is integral. Thus for any a G K^\(M) 

ch(a) = (ch 2 (a),ch 3 (a)) G Ai(M) ©Z. 

By the Riemann-Roch theorem, the Euler form on K{M) is given by the formula 

X (a,/3) = [ch(Q V )-ch(/3)-td(M)] 3 . 

Thus an element a £ iT^i(M) is numerically trivial precisely if ch 3 (a) = and 
cli2(a) • D = for any divisor D. We thus we get an injective map 

ch = (ch 2 , ch 3 ) : N^(M) -> iVi(M) Z. 

Since Oc(m) maps to ([C], ch 3 (Oc) + m) this map is also surjective. □ 

There is an effective cone 

A C N^(M) 

consisting of classes of sheaves. From now on we shall use the isomorphism of Lemma 
[2T21 to identify A^i(M) with the group Ni(M) © Z. Under this identification the 
effective cone becomes 

A = {(/3,n) e iVi(M) ©Z : /3 > or = and n ^ 0}. 

Note also that the Euler form x(— , — ) on N(M) vanishes when restricted to N^i(M) 
for dimension reasons. This trivial observation will be very important in what 
follows. 

2.2. Stable pairs. Define a full subcategory 

V = Coho(M) c A = Coh(M) 
consisting of sheaves supported in dimension 0. Let Q be the full subcategory 
Q = {E &A: Hom(P, E) = for all P G V}. 

These subcategories (V, Q) form a torsion pair: 

(a) if P G V and Q G Q then Hom^(P, Q) = 0, 

(b) every object E G .4 fits into a short exact sequence 

— > P — > E — ► Q — ^0 
with P G V and Q G Q. 
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Note that it follows from (a) that the short exact sequence appearing in (b) is unique 
up to a unique isomorphism. 

We can define a t-structure on D(A) by tilting the standard t-structure with 
respect to this torsion pair [8]. The resulting t-structure has heart 

A* = {E G D(A) : H°(E) G Q, H\E) G V, H\E) = for i £ {0, 1}}. 

Note that Q = Af) A* and, in particular, Om £ A^. 

Lemma 2.3. (a) If f : Om — > E is an epimorphism in A* then E £ Q, and 
considering f as a map in A, one has coker(/) G V . 
(b) If f: Om E is a morphism in A with E G Q and coker(/) G V then f is 
an epimorphism in A^. 

Proof. If / is an epimorphism in A* then there is a triangle 

(1) K^Om^E^ K[l] 

with K £ A^. Applying the long exact sequence in cohomology gives 

(2) — ► H°(K) — > O m -A H°(E) — )■ H^K) — > 0. 

It follows that E 1 = H°(E) G Q and coker(/) = if^iT) G V. 

For (b) put the map / in a triangle of the form ([1]) and consider the associated 
long exact sequence ([2]). Then H°(K) is a subsheaf of 0m and hence an object of 
<2, and 

^(K) =coker(/) G P. 

Therefore K E A^, the triangle is a short exact sequence in A^ and hence / is an 
epimorphism in A*. □ 

Thus a stable pair in the sense of [22J is precisely an epimorphism in A* whose 
image is supported in dimension ^ 1. 

2.3. The stack of framed sheaves. We write M for the stack of coherent sheaves 
on M. It is an algebraic stack, locally of finite type over C. There is another stack 
A4(0) with a morphism 

(3) q:M{0)^M 

parameterizing coherent sheaves equipped with a section. More precisely, the ob- 
jects of A4(0) lying over a scheme S are pairs (E, 7) consisting of an 5-flat coherent 
sheaf E on S x M together with a section 



(4) 



7: OsxM -> E. 
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Given a morphism of schemes f:T — > S, and an object (F, 6) lying over T, a 
morphism in M(0) lying over / is an isomorphism 

e-.f{E)^F 

such that the diagram 

F(Osxm) F(E) 

can 

Otxm F 
commutes. Here we have taken the usual step of choosing, for each morphism of 
schemes, a pullback of each coherent sheaf on its target. The symbol can denotes 
the canonical isomorphism of pullbacks. 

The stack property for M(0) follows easily from the stack property for M. The 
morphism q is defined by forgetting the data of the section 7 in the obvious way. 

Lemma 2.4. The stack M{0) is algebraic and the morphism q is representable 
and of finite type. 

Proof. Consider a scheme S with a morphism h: S —¥ M corresponding to a family 
of sheaves E on S x M. Form the fibre product of stacks 

Z M{0) 

p q 

S M 

We claim that the stack Z is representable by a scheme of finite type over S. This 
is enough, since if we take S to be an atlas for A4, the scheme Z becomes an atlas 
for M{0). 

It is easy to see that Z is fibered in sets and corresponds to a functor 

Z : (Sch/S) op -> Set 
that sends a morphism / : T — ¥ S to the space of sections 

H°(T x M,f*(E)). 

Results of Grothendieck \21\ Theorem 5.8] show that this functor is representable 
by a linear scheme of finite type over S. □ 

We shall need the following result about the fibres of the map q. 

Lemma 2.5. There is a stratification of A4 by locally-closed substacks 

M r CM 

such that the objects of M r (C) are coherent sheaves E £ A with 

dime H°(M,E) = r. 
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The pullback of the morphism q to M r is a Zariski fibration with fibre C r . 

Proof. Given a scheme S and an £-flat coherent sheaf E on S x M, Grothendieck 
showed [21} Theorem 5.7] that there is a coherent sheaf G(E) on S together with 
an isomorphism of functors 

Hom 0s (G(E), -) 7r s ,*(E ® 0skM ttJ(-)) : Coh(S) -> Coh(S). 

The universal property shows that such a sheaf G{E) is unique up to a unique 
isomorphism, and is well-behaved under pullback, in the sense that if /: T — > S is 
a morphism of schemes, then there is a natural isomorphism 

G(f*(E))^f*(G(E)). 

Define Ai r C M. as the full subcategory consisting of a scheme S and an 5-flat 
sheaf E on S x M such that the sheaf G(E) is locally-free of rank r. It follows from 
the existence and basic properties of flattening stratifications (see e.g. [211 Theorem 
5.13]) that each of these is a locally-closed substack and that together they form a 
stratification. 

Using the same notation as in the proof of Lemma 12.41 if the morphism h factors 
via the inclusion A4 r C Ai, the stack Z is represented by the total space of the 
vector bundle associated to the locally- free sheaf G(E). It is therefore a Zariski 
fibration with fibre C r . □ 

2.4. Moduli of stable pairs. We shall view the Hilbert scheme and the moduli 
space of stable pairs as open substacks of the moduli stack A4(0). 

Lemma 2.6. There are open substacks 

Hilb M CM(0), Hitt4 cM(0), 
whose C-valued points are morphisms 
(5) 1 :O m ^E 
that are epimorphisms in the category A or A" respectively. 

Proof. We just prove the stable pair case; the Hilbert scheme case is easier and 
well-known. Suppose given a morphism 

7 : S xM -> E 

as in (JU). Given a point s G S(C) let 7 S : Om — > E s denote the pullback of 7. We 
must show that the set of points s E S(C) for which 

(a) the sheaf E s is pure of dimension 1, 

(b) the sheaf coker(7 s ) is supported in dimension 0, 
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is the set of C-valued points of an open subscheme of S. Property (a) is known to 
be open (see e.g. 0[ Prop. 2.3.1]). For property (b), set Q = coker(7). Then 

Q s = coker(7 s ) 

and so by the basic properties of flattening stratifications (see e.g. [2TJ Theorem 
5.13]) the set of points s 6 S(C) for which coker(7 s ) has positive-dimensional sup- 
port is the set of C-valued points of a closed subscheme of S. □ 

The substack HilbM is represented by the Hilbert scheme. The substack Hilb^ 
is presumably also represented by a scheme, although we have not checked this. 
Pandharipande and Thomas [22^ Section 1] used results of Le Potier to show that 
the open and closed substack 

Hilb», f o C Hilb», f 

parameterizing framed sheaves supported in dimension at most 1 is representable. 

3. BEHREND FUNCTION IDENTITY 

Recall [I] that Behrend defined for every scheme S of finite type over C a con- 
structible function 

us : S — > Z, 

with the property that when / : T — > S is a smooth morphism of relative dimension 
d, there is an identity 

(6) v T = {-l) d f(y s ). 

Using this identity it is easy |151 Prop. 4.4] to extend Behrend's construction to 
give a locally-constructible function for any Artin stack locally of finite type over 
C. The identity ([6]) then also holds for smooth morphisms of stacks. 

In this section we establish a Behrend function identity that we need for the 
proof of Theorem 11.11 The basic idea for the proof came from unpublished notes 
of Pandharipande and Thomas; nonetheless the author takes full responsibility for 
the details! 

Theorem 3.1. Suppose 7: Om —> E is a morphism of sheaves such that 

(a) E is supported in dimension ^ 1, 

(b) coker(7) is supported in dimension zero. 

Then there is an equality of Behrend functions 



VM(0)(l) = (-l) xW -VM(E). 



HALL ALGEBRAS AND CURVE-COUNTING INVARIANTS 



10 



Proof. By Lemma 12.51 the morphism q is a vector bundle over the open and closed 
substack of M parameterizing zero-dimensional sheaves, so if E is supported in 
dimension the result follows from ©. Thus we can assume that E has positive- 
dimensional support. 

Let Oq C E be the image of 7. It is the structure sheaf of a subscheme CcM 
of dimension 1. Take an ample line bundle L such that 

(7) H\M, E L) = for all i > 0, 

and a divisor H € \L\ such that H meets C at finitely many pure-dimension 1 
points, not in the support of coker(7). 
There is a short exact sequence 

— > Om L — > O h (H) — ► 

where s is the section of L corresponding to the divisor H. Tensoring it with E and 
using the above assumptions gives a diagram of sheaves 



(8) O m 








where F = E&L. The support of the sheaf Q is zero-dimensional, disjoint from the 
support of coker(7) and contained in the pure dimension 1 part of C. In particular, 

(9) Rom M (Q,F) = Q. 

Consider the two points of the stack M.{0) corresponding to the maps 

j:Om^E, 5:O m ^F. 

The statement of the Theorem holds for the map 5 because Lemma 12.51 together 
with Q implies that 

q: M{0) -> M 

is smooth of relative dimension x{F) = H (M,F) over an open neighbourhood of 
the point F € A4(C). On the other hand, tensoring sheaves with L defines an 
automorphism of M, so the Behrend function of AA at the points corresponding to 
E and F is equal. Thus to prove the Theorem it suffices to show that 



(-i) x{E) -»M(o ) ('y) = (-i) x{F) -VM(o)(S). 
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Consider the stack X whose 5-valued points are diagrams of S-flat sheaves on 
SxMof the form 

(10) OsxM 




The easiest way to see that this is an algebraic stack is to write it as a fibre product 
in a similar way to the stack Z of Lemma 14.31 below. There are two morphisms 

p:X^M(0), q:X^M(0), 

taking such a diagram to the maps 75 and 5s respectively. Passing to an open 
substack of X we can assume that ([§]) holds at all C-valued points of X. It follows 
that p and q induce injective maps on stabilizer groups of C-valued points, and 
hence are representable. 

Using ([6]) it will be enough to show that at the point x € X(C) corresponding to 
the diagram ([8]), the morphisms p and q are smooth of relative dimension x(Q) an d 
respectively. Suppose / : X — > Y is a representable morphism of stacks, with X 
and Y locally of finite type over C. Then / is smooth at a point x £ X(C) precisely 
if the following lifting property is satisfied. Let 

i: S T 

is a closed embedding of affine schemes, corresponding to a morphism of finitely- 
generated local C-algebras A — > A/ 1 with I 2 = 0. Then given a commutative 
diagram 

S X 
i f 
T — ► Y 

taking the closed point of S to x, there is a lifting of t to a morphism u: T — > X sat- 
isfying / o u = t. This follows immediately from the corresponding characterization 
of smooth morphisms of schemes [EGA, IV. 4. 17]. 

Consider the morphism q first. Suppose that we are given a diagram of the form 
(fTUj) . whose pullback to the closed point of S is isomorphic to the diagram flHJ). 
Suppose also given a morphism of T-flat sheaves 



5t ■ Otxm — > Ft 
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onTxM which when pulled back to S is isomorphic to 5s- Then we must include 
5t in a diagram 

(11) 




OtT DT 

> E T > F T — >Q T — ► 

which becomes isomorphic to (|1(J|) when pulled back to S. 

Note that it will be enough to prove the existence of such a lift on an affine open 
subset U C M containing the support of Q. Indeed, we can then take another open 
subset V C M disjoint from the support of Q such that M = U U V. Over the 
subset V the extension problem is trivial and we can glue the results to obtain a 
lift over M. 

Let us therefore replace M by U. By our assumptions on the support of Q, we 
can then assume that the morphism 7 is surjective, so that E = Oc, and that the 
curve C is of pure dimension 1. We can further assume that the line bundle L is 
trivial, and hence that we also have F = Oc- 

Let Et be the image of 5t and fill in the diagram (jlip . By Lemma 13,21 applied 
with S = T all the sheaves appearing are flat over T. It is then automatic that the 
diagram becomes isomorphic to (fTU|) when pulled back to S, because the morphisms 
0s and fix are the cokernels of 5s and 5t respectively, and the pullback functor 
preserves cokernels. The lift we constructed is easily seen to be unique, and hence 
q is etale. 

Let us now check the lifting property for the map p. Take a diagram ()10p again, 
and suppose this time that we are given a morphism of T-flat sheaves 

7t : OtxM — > Et 

on T x M which when pulled back to S is isomorphic to 75. We must include 7t 
in a diagram of the form (jlip which becomes isomorphic to (jlOp when pulled back 
to S. As before it is enough perform this lifting over an open affine subset U C M 
containing the support of Q. 

By the first part of the proof of Lemma 13,21 we can assume that Et — Oc T for 
some closed subscheme Ct C T x U which must be flat over T. By Lemma 13.21 the 
sequence in (jlip takes the form 

— ► Cs — > Cs ^Qs^O, 

and thus defines a point of the relative Hilbert scheme of the scheme Cs/S. This 
is smooth at the given point because the obstruction space Section 5] is 

Ext^(C»c,Q) =0. 
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Thus we can extend the sequence over T to give a sequence 

— ► K T — > Ct — > Qt — > 0. 

Applying Lemma 13.21 again with S = T shows that Kt — Oc T and so we obtain 
the required extension. In the case that 

S = Spec(C), T = SpecC[e]/(e 2 ), 

the set of possible extensions is the tangent space 

Homtf(0c,Q) = CX«>, 

and hence p is smooth of this relative dimension. □ 

Lemma 3.2. Suppose S is the spectrum of a finitely- generated local C-algebra, and 
U C M is an open affine subscheme. Suppose given a short exact sequence of 
coherent sheaves 

(12) — > Eg — ► F s — > Qs — > 

on S x U, with Fg flat over S, which on restricting to the special fibre gives a 
sequence of the form 

>O y — >O z — >Q — ► 0, 

with Z C U a Cohen-Macaulay curve, and Q supported in dimension 0. Then all 
the sheaves appearing in (fT2]) are S-flat, and 

Es^Fs^ Zs 

for some closed subscheme Z$ C S x U. 

Proof. Since U is affine, we can lift the epimorphism Ojj — > Oy to a morphism 
CsxC/ Es- This is then surjective by Nakayama's Lemma. The same argument 
applies to F$. Thus 

Es^Oy s , F s ^O Zs , 

for subschemes Yg, Z$ C S x U. The inclusion Eg C Fg implies that Yg C Zg and 
hence there is a surjection 

(13) Zs ^O Ys . 

When restricted to the special fibre this becomes a surjection Oz — » Oy which is 
an isomorphism away from the support of Q. Since Q has dimension zero, and Z 
is Cohen-Macaulay this must be an isomorphism. Thus Z = Y. Restricting (|12[) 
to the special fibre, and using purity of Oy shows that Qg and hence also Eg are 
flat over S. If Kg is the kernel of the surjection (|13|) . then restricting to the special 
fibre and using flatness of Eg shows that Kg = 0. □ 
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4. Hall algebra identities 

Our strategy for proving Theorem 1.1 is to first prove identities in a motivic Hall 
algebra, and to then apply an integration map to obtain identities of generating 
functions for DT invariants. In this section we prove some basic identities in an 
infinite-type version of the Hall algebra. 

We start by briefly recalling the definition of the motivic Hall algebra H(^4). We 
refer the reader to [3l Section 3.4] for more details. We then introduce an infinite- 
type version of the Hall algebra H^ (A) . This provides a simple context in which to 
state the identities of this section without having to worry about convergence issues. 
Although these identities themselves will not be used in the rest of the paper, the 
arguments used to prove them will appear several times later on. 

One difference from [3] which will be important later (see Theorem I6.3p . is that 
we will always take our Grothendieck groups to be defined with complex rather than 
integral coefficients (we could also have taken rational coefficients). 

4.1. Motivic Hall algebra. Suppose S is a stack, locally of finite type over C and 
with affine stabilizers. There is a relative Grothendieck group K(St/S) defined as 
the complex vector space spanned by equivalence classes of symbols of the form 

(14) [X -A S], 

with X a stack of finite type over C with affine stabilizers, and / a morphism of 
stacks, modulo the following relations 

(a) for every pair of stacks X and Y a relation 

[ Xl ux 2 s] = [x ± ^s] + [x 2 -A> S ], 

(b) for every commutative diagram 

X 1 -^-^X 2 

S 

with g an equivalence on C- valued points, a relation 

[Xl J^S] = [X 2 ^S], 

(c) for every pair of Zariski fibrations 

h 1 :X 1 ->Y, h 2 :X 2 ^Y 
with the same fibres, and every morphism g : Y — >• S, a relation 

[ X 1 J^S] = [X 2 ^^S}. 
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The group K(St/S) has the structure of a K(St/C)-module defined by setting 

[X] ■ [Y -U S] = [X x Y S] 

and extending linearly. 

The motivic Hall algebra [3j Section 4] is the vector space 

H(A) = K{St/M) 

equipped with a non-commutative product given explicitly by the rule 

[Xi m\ * [X 2 J ^M] = [Z M], 
where h is defined by the following Cartesian square 

Z — ^ M (i) M 



(15) 



(a.i,a 2 ) 



X X X X 2 ^> M X M 



It is an algebra over if (St/C). 

4.2. Infinite-type version. Given a stack S as before, define an infinite-type 
Grothendieck group L(Stoo/S) by considering symbols (fl~4"|) as above, but with X 
only assumed to be locally of finite type over C. We also drop the relation (a) since 
otherwise one gets the zero vector space. The infinite-type Hall algebra is then the 
vector space 

R 00 (A) = L(St 00 /A) 

with the convolution product defined exactly as before. 

We shall need some notation for various particular elements of Hqo (A) ■ Given an 
open substack M C M. we write 

ljy = [M ^M] eUoo(A), 

where i: ]\[ — > Ai denotes the inclusion map. Pulling back the morphism ([3]) to 
TV C M gives a stack M{0) with a morphism q: N{0) — > Af, and hence an element 

l%=[tf(0)-UM]€K 00 (A). 

We abuse notation by using the same symbol for an open substack of A4. and 
the corresponding full subcategory of A defined by its C-valued points. Thus, for 
example, by Prop. 2.3.1], the objects of the categories V and Q of Section I2T21 
are the C-valued points of open substacks V C A4 and Q C Ai, and there are 
corresponding elements 

l V ,l Q G Hoo(X). 
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Finally, restricting q to the open substacks of Lemma [2.61 defines further elements 

H = [m\b M ^M]e Roo{A), H 9 = [Hilb^ M] e H oc (^). 

We will now establish some identities in the ring Hoo(.A) relating these elements. 

4.3. Torsion pair identities. 

Lemma 4.1. There is an identity 

1m = l-p * lg . 

Proof. Form a Cartesian square 



-> M 



(ai,«2) 



->• M x M 



V x Q - 

where the map i is the open embedding. Since the morphism (01,02) satisfies the 
iso-fibration property of [SJ Lemma A.l], the groupoid of S- valued points of Z can 
be described as follows. The objects are short exact sequences of 5-flat sheaves on 
SxMof the form 







(16) — > P — )■ E — > Q 

such that P and Q define flat families of sheaves on M lying in the subcategories 
V and Q respectively. The morphisms are isomorphisms of short exact sequences. 
The composition 

g = bof: Z -> M 

sends such a short exact sequence to the object E. This morphism induces an 
equivalence on C-valued points because of the torsion pair property: every object 
E of A fits into a unique short exact sequence of the form (|16p . Thus the identity 
follows from relation (b) above. □ 



Lemma 4.2. There is an identity 



i0 _ iO iO 
L M — l V * 1 Q ■ 



Proof. Form Cartesian squares 



Y 



-> X 



-L^ — - 



(01,02) 



P(O) x Q(O) P x G(O) -^U X x M 

Then 1^ * lq is represented by the composite map bo j op: Y — > A4. Note that, by 
Lemma 12.51 the map 

q: V{0) -^V 
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is a Zariski fibration, with fibre over a zero-dimensional sheaf P being the vector 
space H°(M, P). By pullback the same is true of the morphism p. 

The groupoid of S-valued points of X is as follows. The objects are short exact 
sequences of S-flat sheaves on S x M of the form 







E 



P 



Q 



o 



such that P and Q define flat families of sheaves on M lying in the subcategories 
V and Q respectively, together with a map 

7: OsxM -> Q- 

The morphisms are isomorphisms of short exact sequences commuting with the map 
7. We can represent these objects as diagrams 



(17) 



P 



E 



P 



OsxM 

7 



-+0 



Consider the stack Z of Lemma [4.1l with its map g : Z — > M and form a Cartesian 
square 



W 



z 



> M(0) 

1 

> M 



Since g induces an equivalence on C-valued points, so does h, so the element 1^ 
can be represented by the morphism q o h. 

The groupoid of 5-valued points of W can be represented by diagrams 



(18) 



P 



OsxM 
5 







Setting 7 = /3 o 5 defines a morphism of stacks W X. It is easy to see that this is 
a Zariski fibration with fibre over a C-valued point of X represented by a diagram 
(|17p being an affine space for H°(M,P). Since this is the same fibre as the map p 
the result follows from relation (c) above. □ 



4.4. Hilbert scheme identity. The next result is analogous to an identity proved 
by Engel and Reineke Lemma 5.1] in the context of Hall algebras of quiver 
representations defined over finite fields. 
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Lemma 4.3. There is an identity 



Proof. Form a Cartesian square 



(r,a,20s) 



1%,=H*1 M - 



+ M(2) M 



(11,02) 



Hilb M xM ^% MxM 

The groupoid of S-valued points of Z are as follows. The objects are short exact 
sequences of 5-flat sheaves on 5 x M 







A 



E 



D 







together with an epimorphism 7: OsxM ~» A. The morphisms are isomorphisms of 
such short exact sequences commuting with the maps from OsxM- We can represent 
these objects as diagrams of the form 



(19) 







OsxM 

1 



B 







There is a morphism of stacks h: Z — > M.{0) sending a diagram (|19p to the 
composite map 

5 = a 07: OsxM -> E. 
This morphism fits into a commuting diagram of stacks 



(20) 



->M(0) 



bos \ / q 

M 

Then h induces an equivalence on C- valued points, because every map 5: Om E 
in A factors uniquely as an epimorphism 7 : Om -» A followed by a monomorphism 
a:A^E. □ 

4.5. Stable pair identity. 
Lemma 4.4. There is an identity 



lg=ft»*l e . 
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(11,12) 



> M x .M 



(r,a20s) 

Hilb^xQ 

This time the objects in the groupoid of 5- valued points of W are diagrams of 5-flat 
sheaves on S x M of the form 



(21) 







OsxM 

7 



a P 

>E — > B 







such that for each point s € 5(C), the pullback B s is in Q, and the map 7 S : Om ~^ 

A s is an epimorphism in A^. In particular, by Lemma 12.31 this implies that A s is in 
Q and hence so too is E s . 

There is a morphism h: Z — > Q(0) sending such an object to the composite 
morphism 5 = a o 7 as before, and a commutative diagram 



(22) 



Z 



bos 



M 

Once again h is an equivalence on C-valued points, this time because if E € Q then 
every map Om E factors uniquely as an epimorphism Om A in A^ followed by 
a monomorphism A — >■ E in A^. By Lemma 12.31 one then has A £ Q, and forming 
the short exact sequence 

— ► A — > E — y B — >0 
in A^, and applying the argument of Lemma 12.31 gives B G Q also. □ 



5. Hall algebras of dimension one sheaves 

Here we review some material from [3] adapting it to the category of coherent 
sheaves on M supported in dimension 1. 

5.1. Hall algebra and integration map. We write 

C = Coh^i(M) c Coh(M) = A 

for the full subcategory consisting of sheaves with support of dimension ^ 1. By 
our usual abuse of notation, this corresponds to an open and closed substack 

C c M. 
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As in [31 Section 4.4] there is a subalgebra H(C) C H(.A) spanned by symbols 

(23) [A -A M] 

factoring via the inclusion C C M. As explained in [31 Section 5.1] there is a 
K(Var/C)[h- 1 } subalgebra 

H reg (C) C H(C) 

spanned by symbols (f23|) with A a scheme. The quotient algebra 

H SC (C) =H reg (C)/(L-l)H reg (C) 
is commutative, and is equipped with a Poisson bracket 

{/,s} = j— j mod(L-l). 

All these algebras are graded by the commutative monoid A, the basic reason being 
the decomposition 

(24) C= ]JC a 

agA 

into open and closed substacks parameterizing sheaves with a fixed Chern character. 

Let C[A] denote the monoid algebra of A over C. It has basis given by symbols 
x a for a € A with product defined by 

Since the Euler form on N^\(M) is trivial we equip C[A] with the trivial Poisson 
bracket. 

Theorem 5.1. There is a homomorphism of A- graded Poisson algebras 

I : H SC (C) ->C[A] 

with the property that 

(25) l{[X^C a ])= X (XJ*(u))-x a , 
where v: C — Z is the Behrend function for the stack C. 

Proof. This follows immediately from [3j Theorem 5.2] upon restricting to the sub- 
algebra H(C) C H(^). □ 
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5.2. Laurent subsets. Theorem 11.11 involves Laurent series rather than polynomi- 
als. To fit these into our framework we need to enlarge the algebras H(C) and C[A] 
in a formal way using the grading. In this section we explain how to do this. 

Definition 5.2. A subset S C A will be called Laurent if for each /3 G N\(M) the 
set of integers n for which (/?, n) G S is bounded below. 

Let <J> denote the set of Laurent subsets of A. By Lemma 12.11 this system of 
subsets satisfies 

(a) if S, T G $ then so is S + T = {a + f3 : a G S, f3 G T}. 

(b) if S, T G <3? and a G A there are only finitely many decompositions a = /3+7 
with /3 G .S and 7 G T. 

Suppose that j4 = © 7G a ^7 ^ s a A-graded ring. We can form an abelian group 
A§ whose elements are formal sums 

(26) a = a 7 

■yeScA 

for Laurent subsets S G Given an element a G A$ as in (j26|) . we set 7r 7 (a) = 
a 7 G The ring structure on A induces one on ^4$ via the rule 

vr 7 (a*6)= ^ ir a (a) * ir 13(b). 

We can equip A$ with a topology by stipulating that a sequence (a.,) C A§ is 
convergent if for any n) G A there is an integer K such that 

i,j > K => vr (/3 m) (aj) = 7T (Am ) (o 3 -) for all m ^ n. 

It is easy to check using Lemma l2"TTl that with this topology A$ becomes a topological 
algebra. 

Lemma 5.3. If A is a C-algebra and a G A$ satisfies vro(a) = then any series 

with coefficients Cj G C is convergent in the topological ring A§. In particular the 
element 1 — a is invertible. 

Proof. Define a subset 

A(o) = {7 G A : vr 7 (a) / 0}. 

Then A(a) is a Laurent subset consisting of nonzero elements. Fix (/3,n) G A and 
consider elements 7 = (/3, m) G A with m ^ n. It follows from Lemma 12.11 that 
there are only finitely many decompositions of such an element 7 into a sum of the 
form 

7 = 7iH h7fc, 7i G A(a). 
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The convergence of the given series follows immediately from this. The final state- 
ment follows by considering the geometric series in the usual way. □ 

If A and B are two A-graded algebras then a A-graded homomorphism f : A —■ B 
induces a continuous homomorphism /$ : A$ — > B$ by setting 

7r 7 (/*( a )) = /( 7r 7( a ))- 

Note that if / is injective then so is /$. Thus if A is a subring of B we can identify 
A$ with a subring of Bq>. 

5.3. <I>-finite elements. Applying the construction of the last section to the Hall 
algebra gives a K (St/C)-algebra H(C)$ with a iT(Var/C)[L _1 ]-subalgebra 

H reg (C)$ C H(C)$ 

whose elements we call regular. There is also a commutative quotient algebra 

H SC (C)$ = H reg (C)$/(L - l)H rog (C)$ 
equipped with a Poisson bracket, and a homomorphism of Poisson algebras 

(27) h: H SC (C)$ -»• C[A]«. 
Recall the decomposition (J24"|) of the stack C. 

Definition 5.4. A morphism of stacks / : X — > C will be called ^-finite if 

(a) X Q = f (C a ) is of finite type for all a S A, 

(b) there is a subset 5 € $ such that X Q is empty unless a G S. 

Any such morphism defines an element of the ring H(C)<j> defined by the formal 
sum 

To give some examples, introduce the open and closed subschemes 

Hilb M ,o = C n Hilbjif , Hilb^ a = Cn Hilb* M 
parameterizing quotients of Om supported in dimension ^ 1. 
Lemma 5.5. The morphisms 

q: Hilb Mi< i C, q: Hilbj^ -> C, 
are $ -finite. The corresponding elements Ti^i and TL^ o/H(C)$ satisfy 

(28) h(H^)= Yl (-l) n DT(/3,n)xV = DT /3 (-g)-x /3 , 

(/3,n)eA 
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where we have written x@ = and q = x^ ,l \ Similarly 

(29) i*(?4i)= £ (-l) n PT(/3,n)xV = PT^(- ( z)-x' 3 . 

G8,n)eA 

Proof. The Hilbert scheme parameterising quotients of Om of fixed class 7 £ N(M) 
is always of finite type. On the other hand the set of elements 7 E A for which 
Hilbftf (7) is non-empty is Laurent, the basic reason being that the curves lying in 
a fixed class j3 € N\(M) have bounded genus. The same argument applies to the 
stable pair moduli space. The formulae then follow from Theorem [371] and Behrend's 
description of DT invariants as a weighted Euler characteristic. □ 

5.4. Duality functor. There is a full subcategory Q n C C C consisting of pure 
dimension 1 sheaves. 

Lemma 5.6. The functor 

D = £xt 2 OM (-, O m ) : Coh(M) Coh(M) 
restricts to a contravariant equivalence 

B: Qnc -> Qnc 

satisfying B 2 = id. 

Proof. It is immediate from the definition that the functor 

ID = RHomo M (-, O m )[2] : £> b Coh(M) ->■ D fe Coh(M) 

is a contravariant equivalence, and satisfies ID 2 = id. Thus we must just show that 
with the given shift B takes the subcategory Q n C into itself. 
By Serre duality, for any object E G QdC and any point x G M 

(30) Ext|f (E, O,) = HomjvKO., = 0, 

and so by the usual argument (see e.g. [H Prop. 5.4]) E has a locally-free resolution 
of length 2. Applying B gives another length 2 complex of locally- free sheaves H(E) 
with the same support as E. By a standard argument (see e.g. [H Lemma 4.2]) 
it follows that H>(E) is concentrated in degree 0, and (j30|) then shows that B(i?) is 
pure. □ 

The functor B preserves families and hence induces an involution B of the open 
substack Q n C C C. There is a i^(St/C)-submodule 

K(St/QDC) C K(St/C) 

spanned by maps (fl4"l) factoring via the open substack QC\C. The involution B 
defines a K (St/C)-linear involution 

B* : #(St/Q n C) -)• if (St/Q n C). 
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This will ultimately be responsible for the invariance of the DT generating function 
under the transformation q f-> q~ . 

Lemma 5.7. The submodule K(St/Q flC) is closed under the convolution product. 
It therefore defines a subalgebra H(QnC) C H(C). Moreover, one has 

B*(a*6) =O*0) *B*(a), 

for any a, b € H(Q n C), or in other words, B* is an anti-involution o/H(Q n C). 

Proof. The first statement is just the fact that the subcategory QnC is closed under 
extensions. The second statement holds because B is an exact anti-equivalence, 
which means that if 

— > Ai — > B — > A 2 — >0 
is a short exact sequence in QnC, then so is 

— ► B(A 2 ) — > B(B) — ► D(Ai) — > 0. 

Thus B induces an isomorphism of the stack of short exact sequences in Q n C 
permuting the two projections ax, a>2 to Q Pi C. □ 

6. DT/PT CORRESPONDENCE 

In this section we introduce a stability condition on the category C and state a 
deep result of Joyce which shows that certain elements relating to characteristic 
functions of semistable objects are regular. We also prove a Hall algebra identity 
arising from the existence and uniqueness of Harder-Narasimhan nitrations. These 
results are then used to prove the first part of Theorem 11.11 the correspondence 
between Donalson-Thomas and stable pair invariants. 

6.1. A stability condition. Choose an ample divisor H on M. Given a class 
7 G A define the slope 

/ \ ch 3 ( 7 ) 

If cli2(7) = we consider 7 to have slope +00, otherwise //( 7 ) € Q. A nonzero 
object E G C is (Gieseker or Simpson) semistable if 

H(A) ^ ii{E) 

for all nonzero subobjects A C E. We write SS( 7 ) C C for the open stack whose 
C- valued points are semistable sheaves of class 7 € A. 

Every nonzero sheaf E £ C has a unique Harder-Narasimhan filtration 

= £ C Ex C • • • C £ n _i GE n = E, 

whose factors F{ = EijE^x are semistable with descending slope 

n(Fx) > n(F 2 ) > ■■■ >fi(F n ). 
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Given an interval I C (—00, +00] define SS(J) C C be the full subcategory consisting 
of zero objects together with those sheaves whose Harder-Narasimhan factors all 
have slope in I. Note that there are identifications 

P = SS(oc), QDC = SS(-oo,+oo). 

By the argument of [9, Prop. 2.3.1], bounding slopes of Harder-Narasimhan 
factors is an open condition, so for each interval I there is an open substack SS(7) C 
A4. If / is bounded below, then by [9l Theorem 3.3.7] the inclusion functor is (In- 
finite, and so defines an element 

lss(J) G H(C)$. 

In particular, for each fj, G (—00, +00] there is a full subcategory SS( / u) C C consist- 
ing of the zero objects and the semistable objects of slope [i. Since the identity in 
the Hall algebra is represented by the substack [A4q C M] of zero objects, one has 



(31) lss M = l+ Yl 1 



SS( 7 ) 



M7)=£» 



The above notion of semistability is preserved by the duality functor O introduced 
in Section 15.41 It is easy to see that for any sheaf E G Q n C 

(32) ch(B(£)) = (ch 2 (£), - ch 3 (£)) € A. 
which of course implies that 

(33) fx(B(E)) = -fJ,(E). 
The following is an easy consequence of this. 
Lemma 6.1. Let I C R be a bounded interval. Then 

B(SS(/)) = SS(-I). 

Proof. Suppose E G QdC. Then E lies in the subcategory E G SS([a, b]) precisely 
if for every short exact sequence of objects of Q (1 C 

(34) — > A — > E — > B — >0 

one has fJ>(A) ^ b and [i{B) ^ a. The result therefore follows from (|33p . □ 



6.2. Harder-Narasimhan identity. The next result is analogous to an identity 
proved by Reineke |23[ Prop. 4.8] in the context of Hall algebras of quiver represen- 
tations defined over finite fields. Similar identities play a fundamental role in the 
study of wall-crossing behaviour in |14t I17j. 
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Lemma 6.2. Assume the interval I C (— oo,+oo] is bounded below. Then there is 
an identity 

1SS(I) = Jl 1 SS( Ai ) £ H(C)$, 

where the infinite product is taken in descending order of slope. 

Proof. We first explain what the identity means. Given a finite subset V C / we 
can form a product 

lss(V) = II IssM G H(C)$, 

where we take the terms in descending order of slope. Suppose that 

Vx C V 2 C • • • C Vj C • • • C / 

is an increasing sequence of subsets whose union contains all rational points of /. 
Then the claim is that the elements lss(Vj) converge to lss(J)- 

Fix (/?, m) € A and consider elements 7 = (/3, n) with n < m. By the bound- 
edness assumption on the interval /, and Lemma l2.lt there are only finitely many 
ways of writing such an element as a sum 

(35) 7 = 7iH 7ft) 

with each 7, € A and satisfying /i(7i) € /. 

The existence and uniqueness of the Harder-Narasimhan filtration together with 
the formula for repeated products in the Hall algebra (see [31 Lemma 4.2]) implies 
that there is an identity 

Kj(l S S(I)) = Y1 Yj 1 SS( 7 i)*---* 1 SS( 7fc ) 1 

ft>l 71 H ^7fc=7 

M(7l)>'-->A»(7fc) 

where the sum on the right is finite. Indeed, each term on the right is represented by 
a stack whose C-valued points paramaterise sheaves E with a Harder-Narasimhan 
filtration of the given type. By (|3ip it follows that 

7 i"7( 1 ss(/)) = %(X1 lss(/i))- 

Thus if j is large enough that Vj contains the slopes of all ■yt appearing in decom- 
positions of the form (|35p then 

which proves the claim. □ 
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6.3. The no-pole theorem. The following statement is a consequence of deep 
results of Joyce. It is an analogue of the no-poles conjecture in [IT]. At this point 
it becomes important that we have used complex (or at least rational) coefficients 
to define our Grothendieck rings (rather than the integral coefficients of [3]). 

Theorem 6.3. For each fi G (— oo,+oo] we can write 

Iss(At) = exp(e M ) G H(C)$ 

with 7]^ = [C*] • e M G H reg (C)$ a regular element. 

Proof. Given 7 G A, consider the finite sum 

£ 7 = IZ k 1 SS(7i)*'"* 1 SS( 7fc )- 

fcJT 7=71 H h7fe 

Joyce proved that [C*] -e 7 G H reg (C). By ([31]) this can be rephrased as the statement 
that 

[e]-log(l ss(M) )GH rcg (C) $ , 

which is equivalent to the claim made in the statement of the Theorem via the 
inverse properties of the expansions of log and exp. 

More precisely |13[ Theorem 8.7] shows that e 7 G II 1 SF(A / (), where II 1 is Joyce's 
projection onto virtual indecomposables. But using |12[ Cor. 5.10] and the defini- 
tion of the operator II 1 this means that in the stack functions algebra SF(A4, T, A) 
the element e 7 is represented by a sum of elements of the form 

[Aye* m] 

with each Aj a variety. Taking the motivic invariant to be 

T: K(Vfu/C) -> A'(St/C), 

and using [3, Remark 3.11] shows that [C*] • e 7 is regular, as claimed. □ 

Joyce's proof of this crucial result uses the full force of the technology developed 
in the long series of papers [TOl [HI H2] , including moduli spaces of configurations 
and the virtual projection operators IJ/%. In the author's opinion it would be a 
worthwhile project to try to write down a more conceptual and easily-understood 
proof. 

Corollary 6.4. For any (i G (—00, +00] the element lss(^) £ H(^4)$ is invertible, 
and the automorphism 

Ad, . : H(C)$ H(C)* 
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preserves the subring of regular elements. The induced Poisson automorphism of 
H SC (C)$ is given by 

Ad i SS( M) =exp{77 M! -}. 
Proof. That lss(/i) * s invertible follows from Lemma 15.31 The identity 

Ad ex p (2 .) = exp(ad :c ) 

shows that 

Ad l S S(M) = eX P( ad ^) = eX P( ad (L-l)-l-r, M )- 

Theorem 16.31 shows that r/^ is regular, and since, by [SJ Theorem 5.1] the multipli- 
cation on H reg (.4,)$ is commutative modulo (L — 1), it follows that this operation 
preserves H reg (^l)$. The last statement follows from the definition of the Poisson 
bracket on H SC (A). □ 

6.4. The DT/PT correspondence. Consider the part of the Hilbert scheme 
HilbM,o parameterizing zero-dimensional subschemes of M. The morphism 

q : Hilb M ,o -> C 

is <3?-finite, and so defines an element Ho E H(C)$. As in Lemma 15.51 one has 

(36) U(H )= Yl (-l) n DT(0,n)g" = DT (-g), 

(/3,n)eA 

where q = G C[A]. 

Proposition 6.5. There is an identity 

H^x * lj> = Ho * lp 

in H(C)$. 

Proof. We work in the ring H(C)<j> throughout. The first claim is that 

( 37 ) W^i * lss ([ M) oo]) " Iss ([ /t ,oo]) ^ as /i ^ -oo. 

To see this fix (/3,m) G A and consider classes ((3,n) with n < m. There are only 
finitely many decompositions of such elements 

(/3, n) = (/3i,ni) + (/3 2 ,n 2 ) 

such that the elements 

7T0Si,ni)C^a)> 7r (/32,n 2 )( 1 SS([^oo])) 1 

are nonzero. By boundedness of the Hilbert scheme we can assume that /i is small 
enough so that for any of these, all points Om -» A of Hilbj\/(/3i, n{) satisfy 

A E SS([/i,oo]). 
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Suppose given a diagram of sheaves on M of the form 
(38) O m 



>A >E — >B — >0 

with 7 surjective, and [E] = (/3,n). Then the above assumption on fi implies that 

B e SS([/i,oo]) ^ £ e SS([/i,oo]). 
The argument of Lemma 14.31 then shows that 



7T(/9,n) * 1 S S (|>,oo]) ) = ^(jS.n) ( if 



T W,n) \ J-SS ([m,oo]) ^ 

which proves the claim. The same argument, but using Lemma 14.41 gives 

( 39 ) * Iss ([ M ,oo)) - ifs ([m,oo)) as A* -> -oo- 

Since "P = SS(oo) the proofs of Lemma 14.11 and Lemma 14.21 easily extend to give 
identities 

O O CD 

lsS([ M ,oo]) = lp*lsS([ M ,oo)), lsS([^,oo]) = 1p*1sS([m,oo)) ■ 



Expression (|37p can thus be rewritten 

H <t * l v * l ss ([ M ,oo)) - Ip * ifs ( [ M) oo)) -> as A* ->■ -oo. 
The argument of Lemma 14.31 gives an identity 

(40) i£ = h * \ v . 

Multiplying (jMI on the left by \% and using (|4"0j) gives 

Ho * lv * lss ([ M ,oo)) - lp * ifs Q^oo)) ^ as /i ^ -oo. 

Thus 

•H^i * bp * l ss (!>,(»)) -^o * 1-p * lss ([ M ,oo)) -> as /i ->■ -oo. 

By Lemma [5751 the element lss([^,oo)) is invertible so we can cancel it and deduce 
the result. □ 
We can now prove the first part of Theorem 11.11 By Theorem 16.31 

lp = Iss(oo) = exp(eoo) 

where eoo G (L — 1) _1 H reg (C)$. The other elements in the identity of Prop. 16.51 lie 
in H rcg (C)$. Thus, using Corollary 16. 4[ we have an equation in H SC (C)$ 

H<:i = H • exp({77oo, -})(Hix). 
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Applying the integration map, the Poisson bracket vanishes, so we obtain 

/*(ft<i) = i*(WoW*(H!a), 

and the result follows from (|28]l . (1291) and (|36|) . 

7. Rationality 

In this section we complete the proof of Theorem 11.11 by proving the rationality 
statement of part (ii). 

7.1. DT invariants counting semistables. Recall the elements r/^ of Theorem 
16.31 and decompose them as 

M7)=M 

Following Section 6.4], we can define invariants Nrp >n \ 6 Q counting semistable 
sheaves of Chern character n) £ A by setting 

Most of the following result was obtained previously by Joyce and Song [15, Theorem 
6.16]; since the proof is easy we include it here. 

Lemma 7.1. Assume f3 E N\(M) is effective and nonzero. Then the invariants 
N (P,n) satisfy 

( a ) N (/3,n) = N (l3,n+I3-H)i 

0) = N(p_ n) , 

and are independent of the choice of ample divisor H . 

Proof. Part (a) holds because tensoring with Om{H) defines an automorphism of 
the stack C taking semistable sheaves of class (/3, n) to semistable sheaves of class 
(/3, n + P ■ H). Part (b) follows in the same way using the dualizing functor B and 
Lemma 16.11 Part (c) follows from Proposition 17.21 below, since the subcategory 
SS(7) corresponding to the interval / = R>o C R consists of those objects of QnC 
whose quotients all have positive Euler characteristic, and is therefore independent 
of the choice of the ample divisor H. □ 

Given a A-graded iT(Var/C)[L _1 ]-algebra 

76A 

we define an automorphism x of j4 which we write a h- >• a x by the rule 

a x = L x(7) . a for a G Ay. 
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Here x(l) is the Euler characteristic of a sheaf of class 7. 

We can consider the automorphism x as defining an action of Z on A and form 
the skew- group algebra A = A * Z. In terms of generators and relations 

A = A(y) / {y * a — a x * y). 
Suppose the quotient algebra 

A sc = A/(L - 1)A 

is commutative, and let {— , — } be the induced Poisson bracket. Then the quotient 

i sc = i/(L - l)i 

is a commutative algebra, isomorphic to A sc [y], and the induced Poisson bracket 
satisfies 

(41) {y, a} = x(t) • y« for a € Ay. 

All this extends in the obvious way to the topologically graded algebras A$. 
Proposition 7.2. Given an interval I C (—00, +00] bounded below, the element 

1 SS(I) * 1 SS(/) G H ( c )* 

is regular and 

^(issV) * 1&(D ) = ex P ( E nN (M^ n) ) G C[A]*. 

^ 09,n)eA ' 
M (/3,n)g7 

Proof. By definition of the product in the algebra H(C)$ one has 

Ad r S s(i)(y) = ^sV) * y * ^sw = issV) * ^scj) *f- 

The first claim then follows by the argument of Corollary 16.41 Theorem 16.21 and 
Corollary 16.41 imply that 

Ad r S s W = II Ad r S s (M) = II ex p{-^'-} : fi -(c)$ — ► ft -(c)*, 

Me/ pel 

where the product of endomorphisms are taken in order of ascending slope, and the 
infinite products are interpreted as in Lemma 16.21 The homomorphism of A-graded 
Poisson algebras i$ induces a Poisson algebra map 

/*: H SC (C)$ — ►CfA]*. 

Applying this gives 

(42) ^(issV) * l SS(I) )'V=T[ exp{-^>(^), -}(#)■ 
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By Lemma 17.31 and ()4ip this gives 

I -f( 1 ssV)* 1 SS(/))-y= II exp(nN (M x^)-y 

(/3,n)6A 

and the result follows. □ 
We used the following easy result. 

Lemma 7.3. Suppose A is a topological Poisson algebra and a,b £ A satisfy 

{a, b} = nab. 

Then, given appropriate convergence assumptions 

exp{a, —}(&) = exp(na) • b 

If n = then the automorphisms exp{a, — } and exp{6, — } commute, and 

exp{a + b, — } = exp{a, — } o exp{6, — }. 

Proof. This is left to the reader. □ 

7.2. Rationality. Recall the definition of the Laurent series 

PT /3 (g) = ^PT(/3,n)g" 

from the introduction. To prove Theorem ll.lf b) we follow a strategy of Toda and 
prove more, namely 

Theorem 7.4. There is an identity in C[A]$ 

^PT p (-q)xP = exp (^nN^^qA -J^fe)^, 

/33:0 ^ /33=o ' B^O 

where for each effective class (3 £ N\{M), the expression Lp(q) is a Laurent poly- 
nomial in q invariant under q O q . 

This is enough by Lemma 17. II and the following simple result. 

Lemma 7.5. Fix a positive integer d ^ 1. Suppose given rational numbers a n E Q 
suc/i i/iai /or a// n € Z one /ias 

O-n — O— n.) Q"n+d — ^n- 

TTien i/ie power series 

na n g n 

is t/ie Taylor expansion of a rational function in q invariant under q <R- 
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Proof. This is a simple calculation; see |26} Lemma 4.6]. □ 
Given fj, > let us consider the following tautology in H(C)$ 

( 43 ) ^sWl) * n <i * 1 ss([o, M ]) = ( l ss(M) * ^sdo.H) ) * g n 



where 



( 1 ss([o,iii)) 1 * H <1 * 1 SS([0, M ]) • 



A 1 — ^SSflO,^])' 

Note that by Lemma 16.21 and Corollary 16.41 the left-hand side of (|43[) is regular. 
Since the Poisson bracket on C[A]$ is zero, it follows from (j29|) that 



( 44 ) ^(^sWl) * lss «M) ) = = E PT ^-^- 

By Proposition 17.21 the first term on the right hand side is also regular, and 

( 45 ) J * ( IssW]) * lss([0 )A .]) ) = ex P ( E nN {M x^A . 

^(/3,n)6[0,/i] 

As fj, — > oo this tends to the first term in Toda's identity. The following result 
therefore completes the proof of Theorem 11.11 



Proposition 7.6. The element is regular and 

lim = Lp(q)xP, 

U— S-OO * ' 

where each Lp{q) is a Laurent polynomial, invariant under q O 

Proof. Recall the anti-involution \ °f H(QnC) defined in the last section. Consider 
the composition 

R = X °^>- 

Since x(fl(E)) = ~x{E) for any sheaf E € Q n C, it follows that i? is also an 
anti-involution. There is an obvious involution of C[A], which we also denote by R, 
defined by 

Note that by (|55)t . for any a G H(Q n C) one has 
(46) I(R(a))=R(I(a)). 
We claim that the involution R fixes the element 

lss ([ -^]) GH (S nC )*- 
By this we mean that for all 7 € A 

^(%(iss([-M))) =7r fl(7)( 1 ss([-^] ) ) eH(QnC). 
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To see this note first that if E G Q H C has class 7 = (f3, n) then by Serre duality 

H°(M,B(E)) = il^M, E)*, 

and so 

(47) n = X (E) = dim H°(M,E) - dim H°(M, B(E)). 

Take a finite stratification 

SS([-m,m])7= n SS ([-^^)-r n ^ 

as in Lemma 12.51 It follows from Lemma 16.11 and (|47p that 

B(SS([-n,n]) (M nM r ) = SS([-n,fi}) { ^_ n) nM r -n, 
and hence by Lemma 12.51 



B ( 1 SS([-^]) ( ^ in) nA4 r ) - L " • 1 SS([-,i,At])tf,-n)nMr 

This proves the claim. Next define an element 

^ = ^1 * lss([-M) GH(C)*. 
By the argument we used to prove ([39]) 



^ " issd-M) ^ as ^ 00. 



Lemma 16.21 implies that there is an identity 
in H(C)$. Thus 



Issa-^n]) ~ 1 SS([0, / .]) * 1sS([-a»,0)) 



— (^-ssan.dl) 1 * ^ * issn 



^ SS([0,/^])^ * * J -SS([-/Lt,0)) • 
Let us also consider the element 

^ = ( 1 ss((o,m])) 1 * ^ * 1 ss 1 ([-m,o]) ■ 

We can modify equation (j4"3j) by replacing the closed intervals by intervals open at 
0. This has the effect of replacing the element by QL. Equations (|44p and (|45|) 
are unchanged by this modification, which shows that 

Using Lemma l6.1l and the fact that i? is an anti-automorphism it follows that 

as fi — > 00. The result then follows from (|46|) . □ 
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